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ON EXPONENTIAL BASES AND FRAMES WITH NON-LINEAR
PHASE FUNCTIONS AND SOME APPLICATIONS
JEAN-PIERRE GABARDO, CHUN-KIT LAI, AND VIGNON OUSSA
Abstract. In this paper, we study the spectrality and frame-spectrality of exponential
systems of the type E(Λ, ϕ) = {e2πiλ·ϕ(x) : λ ∈ Λ} where the phase function ϕ is a Borel
measurable which is not necessarily linear. A complete characterization of pairs (Λ, ϕ) for
which E(Λ, ϕ) is an orthogonal basis or a frame for L2(µ) is obtained. In particular, we
show that the middle-third Cantor measures and the unit disc, each admits an orthogonal
basis with a certain non-linear phase. Under a natural regularity condition on the phase
functions, when µ is the Lebesgue measure on [0, 1] and Λ = Z, we show that only
the standard phase functions ϕ(x) = ±x are the only possible functions that give rise
to orthonormal bases. Surprisingly, however we prove that there exist a greater degree
of flexibility, even for continuously differentiable phase functions in higher dimensions.
For instance, we were able to describe a large class of functions ϕ defined on Rd such
that the system E(Λ, ϕ) is an orthonormal basis for L2[0, 1]d when d ≥ 2. Moreover, we
discuss how our results apply to the discretization problem of unitary representations of
locally compact groups for the construction of orthonormal bases. Finally, we conclude
the paper by stating several open problems.
1. Introduction
1.1. Definition and Background. Let Λ be a countable set in Rd. We denote by
E(Λ) := {e2πiλ·x : λ ∈ Λ} the collection of exponential functions with frequencies in Λ.
For a fixed positive Borel measure µ defined on a subset Ω of Rd, perhaps one of the
most profound and largely unresolved questions in harmonic analysis is to characterize
pairs of the type (Ω,Λ) such that E(Λ) is either an orthogonal basis or a Riesz basis or
a frame for L2 (Ω, dµ) . Although the literature contains several significant results, which
we summarized below, at this point, this problem remains unresolved even in a variety of
concrete cases.
First, we recall that a finite Borel measure is a spectral measure if there exists a countable
discrete set Λ called the spectrum, such that E(Λ) forms an orthogonal basis for L2(µ).
Additionally, if there exists a countable set Λ such that E(Λ) forms an orthogonal basis
for L2(Ω), we say that Ω is a spectral set (equivalently, the measure χΩ dx is a spectral
measure). The problem of characterizing spectral sets was initiated by Fuglede [9], who
conjectured in 1974 that a set is spectral if and only if one can tile the whole Euclidean
space Rd using translates of that set. Although Fuglede’s conjecture in its full generality
was disproved by Tao [25] in 2004, the problem remains open in many special settings. As
a partial solution to this conjecture, Lev and Matolcsi recently settled affirmatively the
case where Ω is a convex set [20]. Moreover, Jorgensen and Pedersen [16] were the first
to discover spectral measures that are singularly continuous with respect to the Lebesgue
meaure. They found that the middle-fourth Cantor measure is a spectral measure, while
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the middle-third Cantor measure is not. The reader interested in learning more about
fractal spectral measures can consult the following survey [6] authored by Dutkay, Lai,
and Wang.
Next, let us mention the notion of frame, which generalizes the notion of basis, in a
separable Hilbert space H and were first introduced by Duffin and Schaeffer [4] in order
to deal with nonharmonic Fourier series. Given a countable index set N , a collection of
vectors {xn}n∈N in H is called a frame if there exist positive constants A,B such that
A ‖x‖2 ≤
∑
n∈N
|〈x, xn〉|2 ≤ B ‖x‖2, x ∈ H.
In that case, every element x of H admits an unconditional expansion x = ∑n∈N cn xn,
in terms of the frame elements xn, for certain coefficients cn. In the particular case where
H = L2(µ) and {xn}n∈N = E(Λ) (where each exponential in E(Λ) is viewed as an element
of L2(µ) in the obvious way), we call E(Λ) a Fourier frame for L2(µ) if the inequalities
above hold. Thus, more explicitly, this means that there exist constants 0 < A ≤ B <∞
such that
(1.1) A‖f‖2L2(µ) ≤
∑
λ∈Λ
∣∣∣∣∫ f(x)e−2πiλ·xdµ(x)∣∣∣∣2 ≤ B‖f‖2L2(µ), ∀f ∈ L2(µ).
When such a frame exists, we call µ a frame-spectral measure and Λ a frame-spectrum.
Fourier frames provide thus, for each f ∈ L2(µ), a basis-like expansion of the type
f =
∑
λ∈Λ
cλe
2πiλ·x
for some (possibly non-unique) square-summable sequence (cλ)λ∈Λ. The redundancy prop-
erty built into the structure of frames makes the expansion of vectors described above
robust to the loss of data, and as such, frames are very useful in signal transmission.
In cases where the coefficients used to represent vectors are unique, the system E(Λ) is
called a Riesz basis and µ a Riesz-spectral measures. We refer readers interested in a
detailed treatment of the theory of frames and Riesz bases to the monographs of Heil and
Christensen [2, 14].
Regarding the existence of exponential frames and Riesz bases, there is a general interest
in determining measures that are Riesz-spectral and frame-spectral. A theory addressing
these issues was established in [13], and the existence of exponential Riesz basis on a finite
union of rectangles on Rd was recently confirmed by Kozma and Nitzan [18, 19]. It is
worth noting that despite the intense efforts devoted to this line of research, to this date,
several concrete cases are still far from being settled. For instance, the following questions
have yet to be resolved (see [24, 6])
(i) Does the middle-third Cantor measure admit a Fourier frame?
(ii) Do a triangle or a disk admit an exponential Riesz basis?
1.2. Exponential functions with non-linear phases. Our main goal here is to con-
sider a different question regarding frames generated by measures, which we will always
assumed to be bounded.
Let µ be a finite Borel measure with closed support Kµ. Let ϕ be a Borel measurable
function defined on a set containing Kµ and Λ be a countable and discrete set. We define
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the collection of generalized exponentials with phase functions ϕ as
E(Λ, ϕ) =
{
e2πiλ·ϕ(x) : λ ∈ Λ
}
.
We aim to address the following question:
Question 1. Let µ be a finite Borel measure on Rd with support Kµ. Can we characterize
the pairs (Λ, ϕ) for which the system E(Λ, ϕ) is an orthonormal basis, or a frame for
L2 (µ)?
Note that E(Λ, ϕ) forms a frame if and only if (1.1) holds when the exponential function
e2πiλ·x is replaced with e2πiλ·ϕ(x). The motivation of the work is manifold. On the one hand,
we are are interested in the flexibility afforded by ϕ in forming exponential bases/frames
for L2(µ). On the other hand, complex exponential systems with non-linear phases arise
naturally in the realization of unitary representations of non-commutative Lie groups.
Such systems have been investigated from a representation-theoretic viewpoint in [12,
22, 23, 21]. The overarching theme in these projects is concerned with the question
of discretizing a unitary (irreducible) representation of a locally compact group for the
construction of frames and orthonormal bases. These questions are deeply connected to
wavelet theory, and time-frequency analysis [1, 2, 11] and have been studied with varying
degrees of generality [11, 12, 22, 21, 7].
1.3. Main Results and organization. This paper aims to present a mathematical
framework on the spectrality and frame-spectrality of E(Λ, ϕ) for a general finite Borel
measure µ. Our main result gives a complete characterization of pairs (Λ, ϕ) for which
the system of vectors E(Λ, ϕ) forms a frame or a basis for L2(µ). The work is organized
as follows.
In the second section, we define the concept of essential injective Borel measurable
functions. This notion plays a central role in the proof of our main result, which is stated
in Theorem 3.2.
In Section 4, we will illustrate our main result with some specific examples. In partic-
ular, we show that the middle-third Cantor measure admits an orthonormal basis of the
form E(Λ, ϕ) for some Borel-measurable function ϕ. Additionally, we also establish that
the unit disc also admits an orthonormal basis of the type (Λ, ϕ) where ϕ is a piecewise
continuously differentiable phase function. These examples clearly illustrate how allow-
ing the presence of ϕ in the “generalized” exponentials we consider greatly simplify the
problem of constructing orthonormal bases or frames in this setting.
In Section 5, we consider the problem of determining which continuous function ϕ have
the property that the system E(Z, ϕ) is an orthonormal basis for L2[0, 1]. We show that
if ϕ preserves measure zero sets, the only such ϕ are exactly ϕ(x) = ±x.
In Section 6, we show that, in the multidimensional setting, we cannot expect results
analogous to those obtained in the one-dimensional case. We also describe in Theorem
6.1 a fairly large class of functions ϕ such that E(Zd, ϕ) is an orthonormal basis for
L2[0, 1]d. When d = 2, we present sufficient conditions under which we cannot improve
the construction given in Theorem 6.1.
In Section 7, we explore applications to the discretization of unitary representations of
a class of Lie groups for the construction of orthonormal bases [11, 12, 22, 23, 21, 7].
Finally, in Section 8, we conclude our paper by stating several open questions.
3
2. Essential injectivity
In this section, we define and discuss the property of essential injectivity of a Borel map.
Let µ be a finite Borel measure on Rd with support Kµ. Given a Borel measurable map
ϕ : Kµ → Rd, the pushforward measure of µ under ϕ is characterized by the property
ϕ∗µ(E) = µ(ϕ
−1(E)), E ⊂ Rd, E Borel.
Moreover, integration with respect to the measure ϕ∗µ satisfies the following formula.∫
f(y)d(ϕ∗µ)(y) =
∫
f(ϕ(x))dµ(x), f ∈ C0(Rd),
where C0(R
d) denotes the space of continuous functions on Rd that vanish at infinity. The
concept of essential injectivity as defined below plays a central role in this work.
Definition 2.1. Given a finite Borel measure µ with support Kµ, a Borel measurable
function ϕ : Kµ → Rd is said to be µ-essentially injective if for any f ∈ L2(µ), there exists
h ∈ L2(ϕ∗µ) such that f(x) = h(ϕ(x)) µ-a.e.
We will record some conditions equivalent to essential injectivity in the following lemma.
Lemma 2.2. Let ϕ : Kµ → Rd be Borel measurable and let ν = ϕ∗µ be the corresponding
pushforward measure. Then, the following are equivalent.
(1) The span of the collection χϕ−1(F ), F ⊂ Rd, F Borel, is dense in L2(µ).
(2) For any f ∈ L2(µ), there exists h ∈ L2(ν) such that f(x) = h(ϕ(x)) µ-a.e .
(3) There exists a Borel set N ⊂ Kµ with µ(N ) = 0 such that ϕ is injective on Kµ\N .
Proof. ((2) =⇒ (1)). Letting A ⊂ Kµ be a Borel subset of Rd, then χA, the indicator
function of A, satisfies the following condition: There exists h ∈ L2(ν) such that χA(x) =
h(ϕ(x)) µ-a.e. Furthermore, we may assume that h ≥ 0 ν−a.e by replacing h by |h| if
necessary. Noting that
ν({h 6= 0 or 1}) = µ({x ∈ Kµ, h(ϕ(x)) 6= 0 or 1}) = µ({x ∈ Kµ, χA(x) 6= 0 or 1}) = 0,
we obtain that h = χE a.e. (dν) where E = {y ∈ Rd, h(y) = 1}. Thus
χA(x) = χE(ϕ(x)) = χϕ−1(E)(x)
for µ-a.e. x. In other words, χA = χϕ−1(E) and (1) follows since the linear span of the
characteristic functions of the Borel subsets (i.e. all simple functions) forms a dense
subspace in L2(µ).
((1) =⇒ (2)). Suppose that (1) holds. For a fixed vector f ∈ L2(µ), there exists a
sequence {fn}n∈N of the form
fn(x) =
M(n)∑
j=1
cn,j χϕ−1(En,j)(x) =
M(n)∑
j=1
cn,j χEn,j (ϕ(x)), n ≥ 1,
where cn,j ∈ C and En,j are Borel subset of Rd for n ≥ 1 and 1 ≤ j ≤ M(n), such that
fn → f in L2(µ). Letting
hn(y) =
M(n)∑
j=1
cn,j χEn,j(y), n ≥ 1,
(
y ∈ Rd
)
,
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we obtain∫
Rd
|hn(y)−hm(y)|2 dν(y) =
∫
|hn(ϕ(x))−hm(ϕ(x))|2 dµ(x) =
∫
|fn(x)−fm(x)|2 dµ(x).
Since {fn}n∈N is a Cauchy sequence in L2(µ), it follows that {hn}n∈N is a Cauchy sequence
in L2(ν). Since L2(ν) is complete, there exists a vector h ∈ L2(ν) such that hn → h in
L2(ν). Consequently,∫
|f(x)− h(ϕ(x))|2 dµ(x)
≤ 2
{∫
|f(x)− hn(ϕ(x))|2 dµ(x) +
∫
[0,1)d
|hn(ϕ(x)) − h(ϕ(x))|2 dµ(x)
}
= 2
{∫
|f(x)− fn(x))|2 dµ(x) +
∫
Rd
|hn(y))− h(y)|2 dν(y)
}
and the last quantity converges to zero as n → ∞. This shows that f(x) = h(ϕ(x)), for
µ-a.e.
((2) =⇒ (3).) Assuming that (2) holds, for fixed k ∈ {1, · · · , d} , there exist functions
hk in L
2(ν) such that xk = hk(ϕ(x)), for µ-a.e. x ∈ Rd. Note that ν is a finite Borel
measure and hence regular. For a regular Borel measure, we can find Borel measurable
function that are equal to hk µ-a.e. We may therefore assume that hk is Borel measurable.
Defining h = (h1, ..., hd), we obtain
(2.1) x = h(ϕ(x))
for a.e. x ∈ Kµ. Consequently, letting N be the subset of Kµ for which (2.1) does not
hold, it follows that µ(Kµ \ N ) = 0. If x, y ∈ Kµ \ N and ϕ(x) = ϕ(y), applying (2.1),
we obtain that x = y. Hence, ϕ is injective on Kµ \ N . Finally, since hk and ϕ are Borel
measurable, so is g = h ◦ ϕ − I, where I is the identity map. N is therefore a Borel set
since we can write
Kµ \ N = {g = 0} =
∞⋂
n=1
{
− 1
n
< g <
1
n
}
.
.
((3) =⇒ (2).) As ϕ is Borel measurable and ϕ|Kµ\N is injective, by [17, Corollary
15.2], ϕ(B) is Borel measurable for all Borel sets B ⊂ Kµ \ N . Hence, we can define
g = ϕ−1 : ϕ[Kµ \ N ] → Kµ \ N such that x = g(ϕ(x)) and g is Borel measurable. Given
any f ∈ L2(µ), since µ is a regular Borel measure, we can find a Borel measurable function
f˜ such that f(x) = f˜(x) µ-a.e. We also have f˜(x) = f˜(g(ϕ(x))) on Kµ \ N (thus µ-a.e.).
Define h = f˜ ◦ g. Then f(x) = f˜(x) = h(ϕ(x)) µ a.e, h is Borel measurable and∫
|h|2dν =
∫
|f˜(g(ϕ(x)))|2dµ(x) =
∫
|f˜(x)|2dµ(x) =
∫
|f |2dµ.
Therefore, h ∈ L2(ν) and the proof is complete. 
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3. Main Characterization
The aim of this section is to provide necessary and sufficient conditions for the com-
pleteness, spectrality and frame-spectrality of E(Λ, ϕ) in terms of the essential injectivity
of ϕ and the corresponding property of the system E(Λ) in the L2-space associated with
the push-forward measure.
3.1. Completeness. We recall that a collection {fn} is complete in the Hilbert space H
if 〈f, fn〉 = 0 for all n implies that f = 0 on H. This condition is also equivalent to the
fact that the closure of the linear span of fn is dense in H. We notice that an orthogonal
basis must be a frame, and a frame must be complete in H.
Theorem 3.1. Let µ be a finite Borel measure on Rd, let Λ ⊂ Rd be countable and
let ϕ : Kµ → Rd be Borel measurable. Let ν be the pushforward Borel measure on Rd
associated with ϕ. Then, the following are equivalent.
(1) The collection E(Λ, ϕ) is complete in L2(µ).
(2) ϕ is µ-essentially injective, and E(Λ) is complete in L2(ν).
Proof. Let us assume that (2) holds and let g ∈ L2(µ) such that∫
g(x) e−2πiλ·ϕ(x) dµ(x) = 0, λ ∈ Λ.
We aim to show that g must be the trivial element in L2(µ). Since ϕ is µ-essentially
injective, appealing to Lemma 2.2, there exists h ∈ L2(ν) such that g(x) = h(ϕ(x)) µ-a.e.
As such,
0 =
∫
h(ϕ(x)) e−2πiλ·ϕ(x) dµ(x) =
∫
Rd
h(y) e−2πiλ·y dν(y), λ ∈ Λ.
By assumption, {e2πiλ·x}λ∈Λ is complete in L2(ν), and it follows that h = 0. Consequently,
‖g‖22,µ =
∫
|h(ϕ(x))|2 dµ (x) =
∫
|h(y)|2 dν (y) = ‖h‖22,ν = 0
and we conclude that g = 0 as desired.
Conversely, let ξ ∈ Rd and fix ǫ > 0. Since simple functions are dense in L2(ν), there
exist Borel measurable sets Fk ⊂ Rd and ck ∈ C, k = 1, . . . ,m, such that
‖e2πiξ·x −
m∑
k=1
ck χFk(x)
∥∥
L2(ν)
< ǫ.
This implies that∫ ∣∣e2πiξ·ϕ(x) − m∑
k=1
ck χϕ−1(Fk)(x)
∣∣2dµ(x) = ∫ ∣∣e2πiξ·ϕ(x) − m∑
k=1
ck χFk(ϕ(x))
∣∣2dµ(x) < ǫ2.
Since we assume that the span of the collection E(Λ, ϕ) = {e2πiλ·ϕ(x)}λ∈Λ is dense in L2(µ),
the above shows that the span of the collection χϕ−1(F ), where F ⊂ Rd is Borel, is also
dense and therefore ϕ is µ-essentially injective by Lemma 2.2. We finally show that E(Λ)
is complete in L2(ν). To see this, let f ∈ L2(µ) and suppose that ∫ f(x)e−2πiλ·xdν(x) = 0
for all λ ∈ Λ. Then ∫
f(ϕ(x))e−2πiλ·ϕ(x)dµ(x) = 0, ∀λ ∈ Λ.
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By (1), f(ϕ(x)) = 0 µ-a.e. As a set, we note that ϕ−1{y : f(y) 6= 0} = {x : f(ϕ(x)) 6= 0}.
ν({f 6= 0}) = µ(ϕ−1{f 6= 0}) = µ({x : f(ϕ(x)) 6= 0}) = 0.
This shows f = 0, ν-a.e, which means that E(Λ) is complete in L2(ν). 
3.2. Orthogonal basis and frames. We shall now give a complete characterization of
functions ϕ : Kµ → Rd for which E(Λ, ϕ) forms an orthogonal basis or a frame for L2(µ).
Theorem 3.2. Let µ be a finite Borel measure, Λ ⊂ Rd be countable and let ϕ : Kµ → Rd
be Borel measurable. Let ν be the pushforward Borel measure on Rd associated with ϕ and
µ Then
(1) The collection E(Λ, ϕ) is an orthogonal basis for L2(µ) if and only if ϕ is µ-
essentially injective and ν is a spectral measure with a spectrum Λ.
(2) The collection E(Λ, ϕ) forms a frame for L2(µ) if and only if ϕ is µ-essentially
injective and ν is a frame-spectral measure with a frame spectrum Λ.
Proof. For the first part, we note that the pushforward Borel measure ν is bounded and∫
Rd
f(y) dν(y) =
∫
f(ϕ(x)) dµ(x),
for any bounded, continuous function f : Rd → C. The orthogonality in L2(ν) of the
collection of exponentials with spectrum in Λ gives∫
e2πi(λ−λ
′·ϕ(x)) dµ(x) =
∫
Rd
e2πi(λ−λ
′)·y dν(y) = δλ,λ′ , λ, λ
′ ∈ Λ.
This shows that the collection {e2πiλ·ϕ(x)}λ∈Λ is mutually orthogonal for L2(µ) if and
only if {e2πiλ·x}λ∈Λ is mutually orthogonal for L2(ν). Next, appealing to Theorem 3.1,
we obtain that E(Λ, ϕ) is complete if and only if ϕ is µ-essentially injective and E(Λ) is
complete in L2(ν). This takes care of the first part of the result.
For the second part, let us suppose that E(Λ, ϕ) forms a frame for L2(µ). As such, the
collection E(Λ, ϕ) is complete in L2(µ). By Theorem 3.1, ϕ is µ-essentially injective. Next,
given h ∈ L2(ν),∑
λ∈Λ
∣∣∣∣∫ h(y)e−2πiλ·ydν(y)∣∣∣∣2 =∑
λ∈Λ
∣∣∣∣∫ h(ϕ(x))e−2πiλ·ϕ(x)dµ(y)∣∣∣∣2 .
However, ∫
|h(y)|2dν(y) =
∫
|h(ϕ(x))|2dµ(x),
and the frame inequalities for E(Λ) in L2(ν) follow from those of E(Λ, ϕ) in L2(µ).
Conversely, since ϕ is µ-essentially injective, any function f ∈ L2(µ) can be written as
f(x) = h(ϕ(x)) µ-a.e. with h ∈ L2(ν). Therefore, the frame inequalities for E(Λ, ϕ) for
L2(µ) also follow from those of E(Λ) in L2(ν). 
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3.3. Lebesgue measures on general sets. We now turn to study the special case where
µ is the Lebesgue measure restricted on a set. Given a Borel set Ω ⊆ Rd of positive finite
Lebesgue measure, we define the measure mΩ as follows:
mΩ = χΩ dx
Letting Λ be a countable discrete set, we define the upper and lower Beurling density
of Λ, denoted by D+(Λ) and D−(Λ) respectively, as follows:
D+(Λ) = lim sup
R→∞
sup
x∈Rd
#(Λ ∩QR(x))
Rd
, and D−(Λ) = lim inf
R→∞
inf
x∈Rd
#(Λ ∩QR(x))
Rd
,
where QR(x) = x + [−R2 , R2 ]d denotes the hypercube of side length R centered at x. In
[13, Proposition 2.1], He, Lai and Lau proved
Proposition 3.3. If D−(Λ) > 0 and Λ is a frame spectrum for L2(µ), then µ must be
absolutely continuous with respect to the Lebesgue measure.
Moreover, in [5, Theorem 1.3 and Corollary 1.4], the following was proved.
Theorem 3.4. Let Λ be a countable discrete set with D−(Λ) > 0 and let µ be a finite
Borel measure. The following holds true
(1) If {e2πiλ·x : λ ∈ Λ} forms a frame for L2(µ), then µ is absolutely continuous with
respect to the Lebesgue measure with density g satisfying 0 < m ≤ g ≤ M < ∞
almost everywhere on the set {g 6= 0}. (for some positive real numbers m and M.)
(2) If {e2πiλ·x : λ ∈ Λ} forms an orthogonal basis for L2(µ), then µ is absolutely
continuous with respect to the Lebesgue measure with a constant density.
We now have the following characterization.
Theorem 3.5. Let µ = mΩ where Ω is a measurable set of finite positive Lebesgue measure
and let Λ ⊂ Rd be countable with D−(Λ) > 0. Given a Borel measurable function ϕ : Kµ →
R
d, define ν = ϕ∗µ to be the pushforward of the measure µ via ϕ. Then, the following holds.
(1) The collection {e2πiλ·ϕ(x)}λ∈Λ is an orthogonal basis for L2(µ) if and only if there
exists a set Ω0 such that ϕ is injective on Ω0 and m(Ω \ Ω0) = 0 with
(a) ϕ is injective on Ω0,
(b) ϕ∗mΩ0 = c ·mϕ(Ω0) for some c > 0.
(c) ϕ(Ω0) is a spectral set with a spectrum Λ .
(2) The collection {e2πiλ·ϕ(x)}λ∈Λ forms a frame for L2(µ) if and only if there exists a
set Ω0 such that ϕ is injective on Ω0 and m(Ω \ Ω0) = 0 with
(a) ϕ is injective on Ω0,
(b) There exists 0 < m ≤M <∞ such that ϕ∗µ = g(x)dx with m ≤ g ≤M a.e.
on ϕ(Ω0) and
(c) {e2πiλ·x}λ∈Λ forms a Fourier frame for L2(ϕ(Ω0)).
Proof. In order to prove the first statement, note that, by Theorem 3.2, the fact that the
collection {e2πiλ·ϕ(x)}λ∈Λ forms an orthogonal basis for L2(µ) is equivalent to the essential
injectivity of ϕ and the fact that ϕ∗mΩ is a spectral measure with spectrum Λ. Thus the
conditions in 1(a), 1(b) and 1(c) clearly imply that {e2πiλ·ϕ(x)}λ∈Λ is an orthogonal basis
for L2(µ).
Conversely, according to Theorem 3.2 again, if that same collection is an orthogonal
basis for L2(µ), ϕ must be µ-essentially injective, i.e. 1(a) holds and denote by Ω0 to
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be the set of full measure so that ϕ is injective on. Note that the second condition in
Theorem 3.2 implies that ϕ∗mΩ0 must be a spectral measure with spectrum Λ. Since we
are also assuming that D−(Λ) > 0, part (2) of Theorem 3.4 then shows that, for some
c > 0, ϕ∗mΩ0 = c ·mD, where D is an essential support of ϕ∗mΩ0 . But it is direct to see
that ϕ(Ω0) is a support of ϕ∗mΩ0 since
ϕ∗mΩ0(ϕ(Ω0)) = mΩ0(ϕ
−1ϕ(Ω0)) = m(Ω0) = ϕ∗mΩ0(R
d).
The proof of (2) is similar to (1) by invoking Theorem 3.4 (2). We will omit the details.

It turns out that the condition on the Beurling density cannot be removed. If we do not
restrict the density of Λ, the measure ϕ∗mΩ may be singular with respect to the Lebesgue
measure and the space L2(Ω) could actually admit an orthonormal basis of exponentials
with non-linear phases associated with a spectrum Λ possessing a zero Beurling density
(See Example 4.1).
4. Examples and Illustration
In this section, we present some examples of exponentials with non-linear phases that
can form either a basis or a a frame for the Hilbert space L2(µ).
4.1. Fractal examples. Recall that the standard middle-fourth Cantor measure ν4 is the
unique measure supported on the middle-fourth Cantor set K4 satisfying the self-similar
identity.
ν4(E) =
1
2
ν4(4E) +
1
2
ν4(4E − 2), E ⊂ R, E Borel.
For this self-similar measure, Jorgensen and Pedersen [16] found that L2(ν4) admits an
orthonormal basis basis of exponentials {e2πiλx : λ ∈ Λ}, where
Λ4 =
{
n−1∑
i=0
4iai : ai ∈ {0, 1}, n = 1, 2, 3...
}
,
showing thus that ν4 is a spectral measure. The support of ν4, K4, can be expressed as
the set
K4 =
∞⋂
n=1
2n⋃
j=1
Ij,n
where Ij,n are the basic intervals of the Cantor set.
Example 4.1. Let µ be the Lebesgue measure on [0, 1] and let ϕ : [0, 1] → K4 be the
map
ϕ
(
∞∑
i=1
ǫi
2i
)
=
∞∑
i=1
2ǫi
4i
,
where ǫi ∈ {0, 1}. This map is well-defined except on the set of dyadic rational numbers,
which has measure zero. We note that for each nth basic interval Ij,n, ϕ
−1(Ij,n) is a
dyadic interval. The collection of all the preimages of the nth basic intervals, ϕ−1(Ij,n),
j = 1, ..., 2n are exactly all the dyadic intervals at the nth stage. Therefore, Lemma 2.2(1)
is satisfied, and thus, ϕ is µ-essentially injective. Moreover, as the measure ν4 and µ are
completely determined by their values on the basic intervals, we must have
ϕ∗µ = ν4.
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Hence, by Theorem 3.2, we have that
{e2πiλϕ(x) : λ ∈ Λ4}
is an orthonormal basis for L2[0, 1].
Example 4.2. (Non-linear phased exponential bases for middle-third Cantor
measures) Let K3 be the middle-third Cantor set and ν3 be the middle-third Cantor
measure, which can be defined analogously by replacing 4 with 3 in the middle-fourth
Cantor set definition. Jorgenesen and Pedersen [16] proved that there is no exponential
orthonormal basis for L2(ν3). Nonetheless, we can define
ϕ
(
∞∑
i=1
ǫi
3i
)
=
∞∑
i=1
ǫi
4i
,
Using a similar proof in Example 4.1, we obtain that we have that
{e2πiλϕ(x) : λ ∈ Λ4}
is an orthonormal basis for L2(ν3). This example was also observed earlier in [?].
4.2. Unit balls. Constructing an exponential Riesz basis for the open unit disc D has
been a challenging problem in basis and frame theory. We are however, able to offer an
explicit non-linear phased exponential family forming an orthonormal basis for L2(D). Let
A,B be open sets on Rd. We say that ϕ : A → B is a C1-diffeomorphism if ϕ is a C1
bijective map from A to B. ϕ is called measure-preserving if ϕ∗mA = mB . We need the
following simple proposition.
Proposition 4.3. Let A,B be open sets on Rd and let ϕ : A→ B be a C1diffeomorphism.
Let J(ϕ) be the Jacobian matrix of ϕ. Then ϕ∗mA = mB if and only if |det J(ϕ)| = 1.
Proof. We note that the change of variable formula is now valid. Therefore, we have
ϕ∗mA(E) =
∫
A
χE(ϕ(x))dx =
∫
χE(ϕ(x))χB(ϕ(x))dx =
∫
χE∩B(x)|det J(ϕ(x))|−1dx.
Hence, if |det J(ϕ)| = 1, then ϕ∗mA = mB holds. Conversely, if ϕ∗mA = mB holds, then∫
χE∩B(x)
(|detJ(ϕ(x))|−1 − 1) = 0
for all Borel sets E. Hence, |det J(ϕ(x))|−1 = 1 holds a.e. on B. 
It is possible to have a measure preserving C1 diffeomorphism between D and the ℓ1
ball (which is a square) with the same area as D. The map was given by [15, p.160] in
which ϕ(x, y) = (X,Y ) where
X = sgn(x)
√
x2 + y2√
2π
(
π
2
+ sin−1
(
x2 − y2
x2 + y2
))
,
Y = sgn(y)
√
x2 + y2√
2π
(
π
2
− sin−1
(
x2 − y2
x2 + y2
))
.
Note that if x2 + y2 = 1, then |X| + |Y | = √π/2. Hence, the ℓ1-ball formed has a
measure of π. Using this map, Theorem 3.2 and the fact that square admits an exponential
orthonormal basis E(Λ). We have thus proved that
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Proposition 4.4. There exists a map ϕ and a set Λ such that E(Λ, ϕ) form an orthonor-
mal basis for L2(D).
5. Classification of continuous phase functions where d = 1
In previous sections, we characterized Borel measurable function ϕ so that E(Λ, ϕ)
forms a basis or frame. From this section on, we will focus our attention on ϕ being
continuous functions or differentiable functions. In particular, we are interested in the
case where Λ = Zd and E(Λ, ϕ) forms an orthogonal basis for [0, 1]d.
We will first study d = 1 in this section. Here, we can work on ϕ being continuous with
a mild assumption that ϕ preserves measure zero sets. We may also assume that ϕ(0) = 0
since otherwise, the exponentials will just be differing by a phase factor e2πiλ·ϕ(0), which
will not affect the basis property. Our main result is as follows:
Theorem 5.1. Let ϕ : [0, 1] → R be a continuous function that maps Lebesgue measure
zero sets to measure zero sets. Suppose also that ϕ(0) = 0. Then E(Z, ϕ) is an orthonormal
basis for L2[0, 1] if and only if ϕ(x) = ±x.
We begin our proof with a general lemma.
Lemma 5.2. Let K be a bounded set of positive Lebesgue measure and let ϕ : K → Rd be
a continuous function taking measure zero sets to measure zero sets. Suppose there exists
a set E ⊂ Rd, of positive measure satisfying E = ϕ(U1) = ϕ(U2) with U1 ∩ U2 = ∅ and
U1, U2 are of positive Lebesgue measure in K. Then ϕ cannot be µ-essentially injective.
Proof. We argue by contradiction. Suppose that ϕ is µ-essentially injective. Letting
f(x) = x, we have then f ∈ L2(K). Since ϕ is µ-essentially injective, one can find
h ∈ L2(ν), where ν = ϕ∗µ, such that x = h(ϕ(x)) for a.e. x ∈ K. Let E,U1, U2 be sets
satisfying the conditions in the statement of the lemma. Then
Fi = {x ∈ Ui : h(ϕ(x)) = x}
has full Lebesgue measure in Ui for i = 1, 2. Consider the following sets:
K1 = ϕ(F1), K2 = ϕ(F2).
Since ϕmaps measure zero sets to measure zero sets, K1 andK2 have full Lebesgue measure
in E. Moreover, ϕ is also continuous, so Ki are measurable ( since we can decompose Fi
into Fσ-sets and measure zero sets). Thus, m(K1 ∩K2) = m(E). Next, given a ∈ K1 ∩K2,
it is clear that a = ϕ(x) = ϕ(y) for some x ∈ F1 ⊂ U1 and y ∈ F2 ⊂ U2. Hence,
x = h(ϕ(x)) = h(a) = h(ϕ(y)) = y,
and this contradicts the fact that U1 and U2 are disjoint sets. This completes the proof of
the lemma. 
Proposition 5.3. Let ϕ : [0, 1]→ R be a continuous function mapping measure zero sets
to measure zero sets. If ϕ is µ-essentially injective, then ϕ is injective.
Proof. We first observe that ϕ cannot be a constant function on any non-degenerate subin-
terval I ⊂ [0, 1]. Otherwise, let h ∈ L2(ν), where ν = ϕ∗µ, such that x = h(ϕ(x)) a.e. on
[0, 1]. If ϕ(x) = c for x ∈ I, we would obtain that h(c) = x for almost every x ∈ I ⊂ [0, 1],
clearly a contradiction.
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Suppose that ϕ is not injective. There exist x0, y0 such that x0 6= y0 and ϕ(x0) =
ϕ(y0) = c. As ϕ is continuous, given any ǫ > 0, we can find δ > 0 such that ϕ(x) ∈
(c − ǫ, c + ǫ) and ϕ(y) ∈ (c − ǫ, c + ǫ) whenever |x − x0| < δ and |y − y0| < δ. Let
x1 ∈ (x0 − δ, x0 + δ) and y1 ∈ (y0 − δ, y0 + δ). For sufficiently small δ, we may assume
that (x0 − δ, x0 + δ) and (y0 − δ, y0 + δ) are disjoint. Since ϕ cannot be constant on any
intervals, we may assume that ϕ(x1), ϕ(y1) are not equal to c and ϕ(x1) < ϕ(y1). For the
subsequent analysis, we define Ix,y and I
◦
x,y respectively as the closed and open interval
with endpoints x, y.
Case (1): ϕ(x1) < ϕ(y1) < c or c < ϕ(x1) < ϕ(y1). Since these two cases are symmetric,
there is no loss of generality in only addressing one of them. By the intermediate value
theorem applied to ϕ defined on Ix1,x0 , ϕ assumes all values in the interval [ϕ(x1), c]
from Ix1,x0 . Hence, ϕ(Ix1,x0) ⊃ [ϕ(x1), c] ⊃ [ϕ(y1), c]. Similarly, we also have ϕ(Iy1,y0) ⊃
[ϕ(y1), c]. Note that [ϕ(y1), c] is now a non-degenerate subinterval of [ϕ(x1), c]. Let E =
(ϕ(y1), c) and let U1 = I
◦
x1,x0
∩ ϕ−1(E), U2 = I◦y1,y0 ∩ ϕ−1(E). Then U1, U2 has positive
Lebesgue measure (since they are open) and disjoint. Moreover, ϕ(U1) = ϕ(U2) = E. All
assumptions in Lemma 5.2 are satisfied. Hence, ϕ cannot be µ-essentially injective. This
completes the proof of Case (1).
Case (2): ϕ(x1) < c < ϕ(y1). We may assume that ϕ[x0 − δ, x0 + δ] ⊂ [c − ǫ, c] and
ϕ[y0 − δ, y0 + δ] ⊂ [c, c + ǫ]. Otherwise, we can select x1, y1 to satisfy the assumptions
in Case (1). We can also assume that the endpoints do not take the value c, otherwise,
we choose a smaller δ. By the intermediate value theorem, ϕ(Ix1,x0) ⊃ [ϕ(x1), c]. On the
other hand, consider the interval (x0+δ, y0−δ) if x0 < y0 and (y0+δ, x0−δ) if y0 < x0. We
only consider the first case since the case y0 < x0 is similar. Intermediate Value Theorem
tells us that all values in the interval ϕ[x0+δ, y0−δ] ⊃ [ϕ(x0+δ), ϕ(y0−δ)]. Note that the
interval E = (max{ϕ(x1), ϕ(x0+δ)}, c) is non-degenerate (since endpoints do not take the
value c). And the set U1 = I
◦
x1,x0
∩ϕ−1(E) and U2 = (x0+ δ, y0− δ)∩ϕ−1(E) satisfies the
assumption that ϕ(U1) = ϕ(U2) = E with positive Lebesgue measure. The assumption
in Lemma 5.2 are all satisfied, so ϕ cannot be µ-essentially injective. This completes the
proof. 
Proof of Theorem 5.1. The statement that ϕ(x) = ±x implies that {e2πik·ϕ(x) : k ∈ Z} is
an orthonormal basis for L2[0, 1] is evident and we shall focus on its converse. So, let us
assume that E(Zd, ϕ) is an orthonormal basis for L2[0, 1]. Then ϕ must be µ-essentially
injective by Theorem 3.2. Proposition 5.3 implies that ϕ must be injective. As ϕ is
continuous, ϕ is monotone.
Without loss of generality, we can assume ϕ is increasing. Then ϕ[0, 1] = [0, ϕ(1)].
Hence, ϕ∗m[0,1] = c ·m[0,ϕ(1)] by Theorem 3.2 1(b). As E(Z) is an exponential orthonormal
basis for m[0,ϕ(1)], we must have the ϕ(1) = m([0, ϕ(1)]) = 1 and c = 1. Thus, t =
m[0,1](0, t) = ϕ∗m[0,1]((0, t)) = ϕ
−1(t) and it follows that ϕ(x) = x. The case that ϕ is
decreasing is similar and ϕ(x) = −x. ✷
Theorem 5.1 guarantees that under a weak condition imposed on ϕ, linear functions are
the only maps ϕ for which the system E(Λ, ϕ) is an orthonormal basis for L2 [0, 1]. As it
is well-known that all Lipschitz functions map measure zero sets to measure zero sets, so
Theorem 5.1 applies.
We finally remark that µ-essentially injectivity and injectivity are not the same concept
even if ϕ is a continuous function. In search of the literature, we found that Foschini
[8] constructed a continuous µ-essentially injective function that is not monotone in any
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intervals via Wiener process. We do not know if this function can produce an exponential
orthonormal basis with a non-linear phase. However, it shows that the assumption about
preservation of measure zero sets in Proposition 5.3 cannot be removed.
6. Non-linear phase in higher dimensions
6.1. A sufficient condition. In this section, we will investigate the construction of ex-
ponential orthogonal bases with non-linear phases in higher dimensions. Our investigation
reveals that in the multidimensional settings, we cannot expect a result that is analogous
to Theorem 5.1 (see Theorem 6.1).
Our first result in this section provides a large class of functions ϕ such that E(Zd, ϕ)
is an orthonormal basis for L2
(
[0, 1]d
)
for arbitrary d.
Theorem 6.1. Let ϕ : [0, 1]d → Rd and let x = (x1, ..., xd) be such that
ϕ (x) = (x1 + l1 (x2, · · · xd) , x2 + l2 (x3, · · · , xd) , · · · , xd−1 + ld−1 (xd) , xd)
for some C1-functions l1, l2, · · · , ld−1. Then E(Zd, ϕ) is an orthonormal basis for L2[0, 1]d.
Remark 6.2. LetM be a square matrix of order d with integer entries satisfying |detM | =
1. Since Zd is invariant under the action of the transpose of M, it is easy to verify that
E(Zd,Mϕ) is an orthonormal basis for L2[0, 1]d if and only if E(Zd, ϕ) is an orthonormal
basis for L2[0, 1]d. More generally for arbitrary A ∈ GL (d,R), the system E(Zd, Aϕ) is
an orthonormal basis for L2[0, 1]d if and only if E(ATZd, ϕ) is an orthonormal basis for
L2[0, 1]d.
In setting the stage for the proof of Theorem 6.1, recall the following. Let Ω be a subset
of Rd. We say that Ω is a translational tile by a set J if
m((Ω + t) ∩ (Ω + t′)) = 0 ∀t 6= t′ ∈ J and
⋃
t∈J
(Ω + t) = Rd.
When the first condition described above holds, we say that Ω is a packing set. Given
a lattice Γ = A(Zd) where A is an invertible matrix of order d, the quantity |det(A)| is
called the volume of Γ, and it is not difficult to verify that if Ω is a packing set by a lattice
Γ and m(Ω) = |det(A)|, then Ω tiles Rd translationally with Γ (see e.g. [10, Theorem
2.1]). Furthermore, the following is a well-known result due to Fuglede [9]
Theorem 6.3. Let Γ be a full-rank lattice of Rd. Then L2(Ω) admits an exponential
orthogonal basis E(Γ) if and only if Ω is a translational tile by the dual lattice of Γ (i.e.
Γ⊥ := {x ∈ Rd : x · γ ∈ Z ∀ γ ∈ Γ}).
Proof of Theorem 6.1. In light of Theorem 3.2, to prove Theorem 6.1, it suffices to establish
the following: (i) ϕ is µ-essentially injective, (ii) ϕ∗m[0,1]d = mϕ([0,1]d) and (iii) E(Z
2) is
an orthonormal basis for L2(ϕ([0, 1]d).
For the first part, we only need to show that ϕ is an injective map. Indeed, assuming
that ϕ(x) = ϕ(y), the last coordinates of x and y are equal to each other. Next, by
assumption, xd−1+ ld−1 (xd) = yd−1+ ld−1 (yd) and straightforward calculations show that
xd−1 = yd−1. Proceeding in this fashion, we establish x = y, showing that ϕ is injective.
To show (ii), we first verify that the Jacobian of ϕ is equal to one. Indeed, since
ϕ (x) = x+ (l1 (x2, · · · xd) , l2 (x3, · · · , xd) , · · · , ld−1 (xd) , 0)
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and the Jacobian of ϕ is a unipotent matrix. i.e. Jϕ (x) = I+N (x) for some matrix-valued
function N(x) such that it is strictly upper triangular. Hence, Jϕ is upper-triangular with
all ones on its diagonal and detJϕ = 1. Thus, ϕ defines a local diffeomorphism and is also
injective, and as such ϕ induces a C1-diffeomorphism between its domain and its range.
Consequently, ϕ∗m[0,1]d = mϕ([0,1]d).
Finally, to prove (iii), it suffices to show that (see to Theorem 6.3) Ω := ϕ
(
[0, 1]d
)
is
a translational tile for Rd. To this end, we first claim that
(
ϕ
(
[0, 1)d
)
+ k
)
∩ ϕ
(
[0, 1)d
)
is empty whenever k is a nonzero element of Zd. Indeed, suppose that x, y ∈ [0, 1)d such
that ϕ (x)− ϕ (y) = k ∈ Zd. This gives the following system of equations
k1 = x1 − y1 + l1 (x2, · · · xd)− l1 (y2, · · · , yd)
k2 = x2 + l2 (x3, · · · xd)− y2 − l2 (y3, · · · yd)
...
kd−1 = xd−1 + ld−1 (xd)− yd−1 − ld−1 (yd)
kd = xd − yd
.
Since xd − yd ∈ (−1, 1) ∩ Z, it must be the case that kd = 0. This, however, implies that
xd = yd. Therefore,
kd−1 = xd−1 + ld−1 (xd)− yd−1 − ld−1 (xd) = xd−1 − yd−1 ∈ (−1, 1) ∩ Z
and xd−1 = yd−1. Proceeding inductively, we obtain x = y. This implies that ϕ
(
[0, 1)d
)
is a packing set for Rd associated with the lattice Zd. Additionally, since ϕ is a measure-
preserving map, m(ϕ
(
[0, 1)d
)
) = 1 and this shows that ϕ
(
[0, 1)d
)
) tiles Rd by Zd. ✷
6.2. Necessary conditions for d = 2. In the subsequent subsection, we will prove that
for the special case where d = 2, Theorem 6.1 is the best result that can be obtained under
the restriction that the Jacobian of ϕ is upper-triangular, ϕ is invertible, ϕ
(
[0, 1)2
)
tiles
R
2 by Z2 and satisfies some additional technical restrictions which we shall clarify.
Theorem 6.4. Let ϕ : R2 → R2 such that ϕ (x1, x2) = (ϕ1 (x1, x2) , ϕ2 (x1, x2)) for some
bivariate, real-valued functions ϕ1 and ϕ2. Assuming additionally that (a) all second-order
mixed partial derivatives of ϕ1, ϕ2 are continuous (b) Jϕ (x1, x2) is an upper-triangular
matrix, (c) detJϕ (x1, x2) = 1, then
ϕ (x1, x2) =
(
z (x2)x1 + f (x2) ,
∫ x2
1
1
z (t)
dt+K
)
for some constant K and some functions z, f ∈ C1 (R) . Moreover, if z is taken to be the
constant function 1, then ϕ is necessarily as described in Theorem 6.1 and E(Zd, ϕ) is an
orthonormal basis for L2
(
[0, 1]2
)
.
Remark 6.5. The assumption that z is equal to the constant function 1 cannot generally
be removed in Proposition 6.4 without affecting its conclusion. For instance if z (x2) = e
x2
and f (x2) = 0 then
ϕ (x1, x2) = (e
x2x1, sinh (x2)− cosh (x2) +K) .
for some constant K. Next, the Jacobian of ϕ has for determinant
det
[
ex2 x1e
x2
0 cosh (x2)− sinh (x2)
]
= (cosh x2) e
x2 − (sinhx2) ex2 = 1.
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Therefore, ϕ is Lebesgue-measure preserving. However, it is easy to verify that the col-
lection E(Zd, ϕ) is not an orthonormal basis for L2
(
[0, 1)2
)
since the set ϕ
(
[0, 1)2
)
∩(
ϕ
(
[0, 1)2
)
+ (1, 0)
)
has a positive Lebesgue measure in R2.
Let ϕ : R2 → R2 such that ϕ (x1, x2) = (ϕ1 (x1, x2) , ϕ2 (x1, x2)) for some bivariate,
real-valued functions ϕ1 and ϕ2. Assuming additionally that all partial derivatives of ϕ1
and ϕ2 are defined, and
|detJϕ| =
∣∣∣∣∂ϕ1∂x1 · ∂ϕ2∂x2 − ∂ϕ2∂x1 · ∂ϕ1∂x2
∣∣∣∣ = 1,
there does not seem to be a simple way to explicitly described all such functions. However,
we will prove that under the additional assumptions that ϕ (x1, x2) = (ϕ1 (x1, x2) , ϕ2 (x2))
and all second order mixed partial derivatives are continuous, ϕ can be described quite
explicitly as stated in the lemma below
Lemma 6.6. Let ϕ : R2 → R2 such that ϕ (x1, x2) = (ϕ1 (x1, x2) , ϕ2 (x2)) for some
bivariate, real-valued functions ϕ1 and ϕ2. Assuming additionally that all second-order
mixed partial derivatives of ϕ1, ϕ2 are continuous then the following are equivalent.
(1) Jϕ (x1, x2) is an upper-triangular matrix and det (Jϕ (x1, x2)) = 1 for all (x1, x2) ∈
R
2.
(2) There exist differentiable functions z, f ∈ C1 (R) , z 6= 0 and some constant K such
that ϕ (x1, x2) =
(
z (x2) x1 + f (x2) ,
∫ x2
1
1
z(τ)dτ +K
)
.
Proof. To prove that (2) implies (1), we verify that the Jacobian of the map ϕ (x1, x2) =(
z (x2)x1 + f (x2) ,
∫ x2
1
1
z(τ)dτ +K
)
is given by
Jϕ (x1, x2) =
 z (x2) f ′ (x2) + x1z′ (x2)
0
1
z (x2)
 .
For the converse, assume that Jϕ (x1, x2) is an upper-triangular matrix and det (Jϕ (x1, x2)) =
1 for all (x1, x2) ∈ R2. In other words,
Jϕ (x, y) =

∂ϕ1 (x1, x2)
∂x1
∂ϕ1 (x1, x2)
∂x2
∂ϕ2 (x1, x2)
∂x1
∂ϕ2 (x1, x2)
∂x2
 =

∂ϕ1 (x1, x2)
∂x1
∂ϕ1 (x1, x2)
∂x2
0
[
∂ϕ1 (x1, x2)
∂x1
]−1
 .
By Clairaut’s theorem, since all second-order mixed partial derivatives of ϕ1, ϕ2 are con-
tinuous,
0 =
∂
∂x2
(
∂ϕ2 (x1, x2)
∂x1
)
=
∂
∂x1
(
∂ϕ2 (x1, x2)
∂x2
)
=
∂
∂x1
([
∂ϕ1 (x1, x2)
∂x1
]−1)
and
−
[
∂ϕ1 (x1, x2)
∂x1
]−2
·
(
∂2ϕ1 (x1, x2)
∂x21
)
= 0.
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As a result, ∂
2ϕ1(x1,x2)
∂x21
= 0 and this holds if and only if ϕ1 (x1, x2) = f (x2) + x1z (x2) for
some z, f ∈ C1 (R) , z 6= 0. On the other hand,
∂ϕ2 (x1, x2)
∂x2
=
[
∂ϕ1 (x1, x2)
∂x1
]−1
⇔ ϕ2 (x1, x2) =
∫ x2
1
1
z (τ)
dτ +K (x1) .
Finally, since
∂
∂x1
(ϕ2 (x1, x2)) =
∂
∂x1
(∫ x2
1
1
z (τ)
dτ +K (x1)
)
= K ′ (x1) = 0
K must be a constant quantity. 
Proof of Theorem 6.4. The first part of the theorem is proved in Lemma 6.6. Assume that
z (x2) = 1 for all x2 ∈ R. Then
ϕ (x1, x2) =
(
x1 + f (x2) ,
∫ x2
1
dt+K
)
= (x1 + f (x2) , x2 − 1 +K)
for some constant K and Theorem 6.4 is a direct consequence of Theorem 6.1. ✷
We remark that the converse of Theorem 6.4 is generally false, as shown below.
Proposition 6.7. Under the assumption stated in Theorem 6.4, if z(x2) > 1 on some
subset of positive measure in (0, 1) then ϕ
(
[0, 1)2
)
does not tile R2 by Z2.
Proof. Suppose that z > 1 on some subset of positive measure in (0, 1) . Letting ψ (t, ξ) =
z (t) ξ be a function defined on (0, 1)×(−1, 1) , the range of ψ is given by the set ⋃
t∈(0,1)
(z (t) (−1, 1))
and the set {z (t) (−1, 1) : t ∈ (0, 1)} ∩ Z\ {0} is not empty. Next, observe that for points
(x1, x2) , (y1, x2) contained in the open set (0, 1)
2 , we have
ϕ (x1, x2) =
(
z (x2)x1 + f (x2) ,
∫ x2
1
1
z (t)
dt+K
)
and
ϕ (y1, x2) =
(
z (x2) y1 + f (x2) ,
∫ x2
1
1
z (t)
dt+K
)
.
Taking the difference of the points ϕ (x1, x2) and ϕ (y1, x2) , gives
ϕ (y1, x2)− (p (x1, x2)) = (z (x2) y1 − z (x2) x1, 0) = (z (x2) (y1 − x1) , 0) .
Since y1−x1 ∈ (−1, 1) , we may select x2 ∈ (0, 1) such that z (x2) (y1 − x1) ∈ Z\ {0} . This
shows that there exists a nonzero element k ∈ Z2 such that the Lebesgue measure of the
set
(
ϕ (0, 1)2 + k
)
∩ ϕ
(
(0, 1)2
)
is strictly positive. This means that ϕ
(
[0, 1)2
)
does not
tile R2 by Z2. 
7. Applications to the discretization problem of representations of
locally compact groups
In this section, we provide some additional motivation for our work by making a con-
nection between Question 1 and the discretization problem of representations of locally
compact groups for the construction of frames and orthogonal bases [11, 12, 22, 23, 21, 7].
For a large class of (solvable Lie) groups, the explicit realization of the action of an
infinite-dimensional representation is commonly described in terms of a system involving
exponential functions with phases which are generally non-linear. Since these constructions
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may not be readily accessible in the literature to non-specialists, we shall present some
examples to motivate the results contained in this section and we will connect them with
well-studied systems such as wavelets, Gabor wavelets and shearlets.
Example 7.1. (Gabor orthonormal bases and the Heisenberg group) Let G = R2 ⋊R be
a semi-direct product group with multiplication given by
(v, t) (w, s) =
(
w +
[
1 t1
0 1
]
w, t+ s
)
.
G is the three-dimensional Heisenberg group. It is a non-commutative simply connected
nilpotent (solvable) Lie group. Next, let π be a function taking G into the group of unitary
operators acting in L2 (R) as follows:
[π (v, s) f ] (t) = e2πi(1,−t)·(v1,v2)f (t− s) (f ∈ L2 (R)) .
It is not hard to verify that π is a continuous group homomorphism. In fact, π is an
irreducible representation of the Heisenberg group known as a Schro¨dinger representa-
tion. Since E = {Ek : x 7→ e2πixkχ[0,1) (x) : k ∈ Z} is an orthonormal basis for L2 [0, 1) and
{[0, 1) + k : k ∈ Z} is a tiling of R, the collection of vectors {e2πitkχ[0,1) (t− l) : k, l ∈ Z}
forms an orthonormal basis for L2 (R) . Note that this basis is obtained from a discrete
sampling of the orbit of the indicator function χ[0,1) under the action of the representa-
tion π. In other words, it is possible to discretize π to construct an orthonormal basis
for L2 (R) . This is a standard example that is commonly encountered in time-frequency
analysis [11].
The following example suggests that Example 7.1, as discussed above, is just a mere
occurrence of a much more general phenomenon.
Example 7.2. (Generalized Gabor wavelets) Let G = R3 ⋊ R2 be a semi-direct product
group with multiplication given by
(v, t) (w, s) =
w +
 1 t1 t212 + t20 1 t1
0 0 1
w, t+ s
 .
Note that although G and R3 × R2 share the same topological structure, their group
structures are quite different. More precisely, G is a non-commutative Lie group [3];
and similarly to the Heisenberg group, its irreducible representations can be exploited to
construct an orthonormal basis for L2
(
R
2
)
[21, Example 31]. To see this, let p : R2 → R3
be a vector-valued polynomial map defined as follows: p (t1, t2) =
(
1,−t1,−t2 + t
2
1
2
)
. Note
that the third coordinate of p is a bivariate non-linear polynomial. Next, the function π
mapping the group G into the group of unitary operators acting in L2
(
R
2
)
as follows
[π (v, s) f ] (t) = e2πip(t1,t2)·vf (t− s) (f ∈ L2 (R2))
can be shown to be an irreducible representation (a continuous homomorphism) of the
group G. Moreover, it is easy to verify that the system of exponentials with non-linear
phase {
(t1, t2) 7→ e2πip(t1,t2)·(0,k1,k2)χ[0,1)2 (t1, t2) : (k1, k2) ∈ Z2
}
is an orthonormal basis for L2
(
[0, 1)2
)
. This observation together with the fact that{
[0, 1)2 + k : (k1, k2) ∈ Z2
}
is a measurable partition of R2 imply that the collection of
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vectors{
(t1, t2) 7→ e
2πi
(
−(t1+ℓ1),−(t2+ℓ2)+
(t1+ℓ1)
2
2
)
·(k1,k2)
χ[0,1)2 (t1 + ℓ1, t2 + ℓ2) : (k1, k2, ℓ1, ℓ2) ∈ Z4
}
is an orthonormal basis for L2
(
R
2
)
. In other words, a suitable discretization of the rep-
resentation π gives an orthonormal basis for L2
(
R
2
)
.
Example 7.3. (The ax+b group) Let G = R⋊R be a semidirect product group equipped
with the group operation (x, t) (y, s) =
(
y + ety, t+ s
)
. Then G is isomorphic to the ax+b
Lie group which is known to be the group theoretical foundation of wavelet theory [2].
Given a fixed positive real number ℓ the unitary representation πℓ of G acting in L
2 (R)
as follows:
πℓ (x, t) f (s) = e
2πie−sℓxf (s− t) , (f ∈ L2 (R))
is irreducible. Put ϕ (s) = e−sℓ and let L be the Lebesgue measure on the real line. Since
ϕ is injective, and since the pushforward of the Lebesgue measure via ϕ is a weighted
Lebesgue measure of the form ϕ∗L =
1
x
dx on (0,∞) , we obtain the following. Given any
positive real number ǫ and for a fixed countable set Λ ⊂ R such that the lower Beurling
density of Λ is positive, and {e2πiλ·x}λ∈Λ forms a Fourier frame for L2([e−ǫ, eǫ)), the system{
πℓ (λ, 0) 1[−ǫ,ǫ) : λ ∈ Λ
}
is a Fourier frame for L2 ([−ǫ, ǫ)) (see Theorem 3.5.) Next, since
{[−ǫ, ǫ) + κ : κ ∈ 2ǫZ} tiles the real line, it follows that{
πℓ (e
κλ, κ) 1[−ǫ,ǫ) : λ ∈ Λ and κ ∈ 2ǫZ
}
is a frame for L2 (R) .
Example 7.4. (A shearlet group, [22, 21]) Let G = R2 ⋊ R2 be a semi-direct product
group with multiplication given by
(v, t) (w, s) =
(
w +
[
et1 t2e
t1
0 et1
]
w, t+ s
)
.
Let ϕ : R2 → ϕ (R2) be a vector-valued smooth map defined as follows: ϕ (t1, t2) =(
e−t1 ,−t2e−t1
)
. Define a unitary representation π of G acting in L2
(
R
2
)
as follows:
[π (v, s) f ] (t) = e2πiϕ(t1,t2)·vf (t− s) (f ∈ L2 (R2)) .
Then it is not difficult to verify that π is an irreducible representation of G. Note also
that ϕ is injective. In fact, ϕ defines a diffeomorphism between its domain and its range.
Next, let Λ be a countable subset of R2 such that the pushforward of Lebesgue measure on
[0, 1)2 to ϕ
(
[0, 1)2
)
is a frame-spectral measure with frame spectrum Λ. Then the system{
t 7→ e2πiϕ(t+l)·kχ[0,1)2 (t+ l) : (k, l) ∈ Λ× Z2
}
is a frame for L2
(
R
2
)
.
To generalize the examples above, we will appeal to the results in Theorem 3.2 to derive
some sufficient conditions under which a class of unitary representations of some connected
Lie groups [12, 22, 21] can be discretized, for the construction of orthogonal bases and
frames in L2 (Rm).
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To this end, let G = Rd ⋊ Rm be a connected semidirect product group endowed with
the following binary operation: (x, t) (y, s) = (x+ t • y, t+ s), (x, t) , (y, s) ∈ G where
t • y = exp
(
m∑
k=1
tkAk
)
y
and A1, · · · , Am is a sequence of pairwise commuting square matrices of order d.
Let π be a representation of G acting unitarily in L2 (Rm) as follows. Given f ∈
L2 (Rm) , (x, t) ∈ G and a fixed vector ℓ ∈ Rd, we define
π (x, t) f (s) = e2πi(ϕ(s)·x)f (s− t)
where the mapping ϕ : Rm −→ Rd given by ϕ (t) = exp (−∑mk=1 tkAk)T ℓ is a smooth
function. Note that for each x ∈ Rd, the operator π(x, e) acts by multiplication with an
exponential function with a nonlinear phase (generally) and the conormal part of G acts
by translations. In light of these observations, the action of G in L2 (Rm) can be viewed
as a form of generalized time-frequency shift.
A straightforward application of Theorem 3.2, gives the following.
Proposition 7.5. If there exist a countable set Λ ⊂ Rd and Ω,Γ ⊂ Rm such that (a) ϕ is
µ-essentially injective, (b) the pushforward of the Lebesgue measure on Rm restricted to Ω
is a (frame) spectral measure with (frame) spectrum Λ, (c) {Ω+ γ : γ ∈ Γ} tiles Rm, then
the system {
s 7→ e2πiϕ(s−γ)·λ1Ω (s− γ) : λ ∈ Λ, γ ∈ Γ
}
is an orthogonal basis (or a frame) for L2 (Rm) . In other words,
{π (γ · λ, γ) 1Ω : (λ, γ) ∈ Λ× Γ}
is an orthogonal basis (or a frame) for L2 (Rm) .
Proof. By assumption, the system
{
s 7→ e2πiϕ(s)·λ1Ω (s) : λ ∈ Λ
}
is an orthogonal basis (or
a frame) for L2 (Ω) . Moreover, since each π (γ) , γ ∈ Γ is a unitary operator and since the
image of an orthogonal basis (or a frame) under a unitary map is an orthogonal basis (or
a frame), it follows that for a fixed γ ∈ Γ,
π (0, γ)
({
s 7→ e2πiϕ(s)·λ1Ω (s) : λ ∈ Λ
})
is an orthogonal basis (or a frame) for L2 (Ω + γ) . Finally, since {Ω+ γ : γ ∈ Γ} is a
measurable partition of Rm, it follows that⋃
γ∈Γ
π (0, γ)
({
s 7→ e2πiϕ(s)·λ1Ω (s) : λ ∈ Λ
})
=
{
s 7→ e2πiϕ(s−γ)·λ1Ω (s− γ) : λ ∈ Λ, γ ∈ Γ
}
is an orthogonal basis (or a frame) for L2 (Rm) . 
8. Open problems
This paper provides a systematic study about the generalized exponential system E(Λ, ϕ)
forming a frame and basis in some L2(µ). We are left with many questions that we have
not been able to provide a complete answer.
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(1) Given any finite Borel measure µ on Rd. Due to the flexibility of Borel measurable
functions ϕ, is it true that every L2(µ) can admit some E(Λ, ϕ) as an orthogonal
basis? Can we find a Borel measure that does not admit any orthogonal basis of
non-linear phase?
(2) The middle-third Cantor measures example given in Section 4 admits orthogonal
basis of exponentials with a non-linear phase function ϕ. They are not differ-
entiable everywhere and is drastically different from our familiar phase functions
ϕ(x) = x. A natural question here is that can we find ϕ, defined in an open set
containing the support, of better regularity (e.g., ϕ is C∞) so that E(Λ, ϕ) forms
an orthogonal basis? For other open, connected sets, do we have an exponential
orthogonal basis with a non-linear phase?
(3) Theorem 5.1 provides a characterization on R1 that a continuous function can be
an orthogonal basis for L2[0, 1] with integer frequencies, provided that ϕ preserves
measure zero sets. It looks like that there may exist a continuous function, which
will be highly irregular, such that E(Z, ϕ) forms a basis or a frame for L2[0, 1].
Will there be any such function? Or can we remove the preserving measure-zero
set assumption in Theorem 5.1?
(4) Theorem 6.1 provides a large class of functions that E(Zd, ϕ) can form an orthog-
onal basis for L2[0, 1]d. Are there any other C1-functions ϕ not of the form
x 7→M (x1 + l1 (x2, · · · xd) , x2 + l2 (x3, · · · , xd) , · · · , xd−1 + ld−1 (xd) , xd)
for some C1-functions l1, l2, · · · , ld−1 where M is a matrix in integer entries satis-
fying |detM | = 1 for which E(Zd, ϕ) is an orthonormal basis for L2[0, 1]d?
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